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Abstract

The Navier-Stokes system of incompressible fluids of equa-
tions is studied based on the 14-dimensional Riemann metrics.
The connections between geometrical and analytical properties
of the system are discussed.
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1 Introduction

A famous Navier-Stokes system of the equations

U+ (U -V)U - uAU +VP =0, (V-U)=0, (1)
which describes the flows of incompressible liquids and relates to vari-
ous branches of modern mathematical physics, is a subject of intensive
investigation. Numerous articles are devoted to studying of its solu-
tions and properties. In this work we develop geometrical approach to
construct new examples of solutions of given system and the relations
with known results are considered.

2 14D-metrics and NS-equations

Let us introduce the 14-dim space with the metrics in the local coor-
dinates x?y? Z7t7777p7m7u7v7w7p7§7 X?n

Mds? = 2dxdu + 2 dydv + 2 dzdw + 2 dtdp + (—Uu — Vv — Ww) dt*+
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+ (—u(U)2—uP—Up—i—uuUm—vUV—f—quy—wUW—i—quz) dn*+
dnde + (uu Vo +vpVy — Vp— wVW +wu Ve — v (V)? — vP — uUV) dp*+

+ (—wP — W+ up Wy + vp Wy, + wpWs — oVIW — w (W)? — uUW) dm?+

+2dmdn + 2 dpdy, 2)

where U = U(z,y,2,t), V = V(z,y,z21t), W(z,y,zt) and P =
P(x,y,z,1).

Theorema 1. The Ricci-tensor of the metrics (2) has the components

R44:Ux+vy+Wzv

Rs5 =2UU; — pUspyp + Po +VUy +UVy — pUyy + U.W + UW, — p U, + Up
Roe =U,V4+UVy — ppViu +2VVy — nVyy + Py + V.W + VW, — V., + V4
Ry = UWAUW, = pu Woo + VW VW, = u Wy +2 WW, —pu W + P, + W,

and it is equal to zero on solutions of the Navier-Stokes system of

equations

The metrics D' belongs to the class of spaces of Riemann exten-
sions of affine connected spaces.

Namely, if we have the N-dim space in the coordinates I with
the Affine Connection Hfj (Z), then it is possible to construct the 2/N-
dimensional space in the coordinates I, \171 equipped by the Riemann
metrics of the form

ds® = 20T}, W yda’da’ + 2dz'd,.

Wherein full system of geodesics consists of two parts

d?z* p Azt da? 520, dz® dz’
7 Mgy gy =0 and g Ruyygo oW =0,
where )
oW, d¥y , da?
Ok _ ;.

ds ds Ik ds
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3 Geodesics

Part of geodesics of the metrics has the form

d? d? d?
224 =0 gax(e) Ganls) =0,

d? d? d?
@77(5) =0, @P(S)a @m(s) =0, (3)
from where it follows

£(s) = ar s, x(s) =ags, n(s)=ags, m(s) = ay s,

p(s) = as s, n(s) = ag s.
The remaining eight equations are of the form
2 d : 9
@x(s) —-1/2U0 (Et(s)> +1/2 ag*p %U —1/2a6*U*~
~1/2a6*P —1/2a5*UV +1/2 a5°uVy — 1/2 0,2 UW +1/2 a;*u W, = 0,
4 d : ) ) s 0
Ey(s) —-1/2V (Et(s)> —1/2a6°UV +1/2a6*n Uy +1/2 a5 8_yv_

~1/2a5°V? —1/2a5*P —1/2 ¢, VW +1/2 a;*u W, = 0,
d? d g
@z(s) —1/2W (Et(s)) —1/2a6°UW +1/2 a6*u U, — 1/2 a5*VW+
+1/2a5*uV, +1/2 a0 uW, —1/2 a;,*W? —1/2 a;*P = 0,
2

%t(s) —1/2Uag* —1/2Vas* - 1/2Wa,? =0,
S

and the linear system of the second order ODE’s to the coordinates
uls), v(s), w(s), pls).

Theorema 2. Elimination of the variables u,v,w,p from the condi-
tions to the non zero components of the Ricci-tensor

Rij — Agij =0,
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lead to the condition on the
—pnU,UV P+ W, U, VW — 1 2UVW, U, — P2V?—U? P>+ 1,2 UWV, U, —
—u Wy PVW — 2V, W, UW —u W, PUW + 12 W, V, UW — 12U, W, VW —
~P*W? 4+ u PV,W? — uV,UVP + >V, U,W? + 1> W, VU, +
+u U, PW? — 12U, V,W? — nUW PU, — >V, VWU, — p*U,UW,—
—1PUVW,V. — n VW PV, + *W UV, + VWU,V + UV, +
+PURV? — 2V, UV U, + Vyp*U, V2 = Vyu PV? — Un U? P+
+Up2UVy — 1i*V,UVV, — U, UV U, — p*U,UVV, =0,
which can be used to the theory of the N S-equations.

4 Conclusion

As it was shown, the system of the Navier-Stokes equations, which de-
scribes a flow of incompressible liquids, admits geometric consideration
on the basis of Riemann metrics of 14-dim space. In such a way, new
possibilities for investigation of its properties arise.
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