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Abstract

The Navier-Stokes system of incompressible fluids of equa-
tions is studied based on the 14-dimensional Riemann metrics.
The connections between geometrical and analytical properties
of the system are discussed.
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1 Introduction

A famous Navier-Stokes system of the equations

~Ut + (~U · ~∇)~U − µ∆~U + ~∇P = 0, (~∇ · ~U) = 0, (1)

which describes the flows of incompressible liquids and relates to vari-
ous branches of modern mathematical physics, is a subject of intensive
investigation. Numerous articles are devoted to studying of its solu-
tions and properties. In this work we develop geometrical approach to
construct new examples of solutions of given system and the relations
with known results are considered.

2 14D-metrics and NS-equations

Let us introduce the 14-dim space with the metrics in the local coor-
dinates x, y, z, t, η, ρ,m, u, v, w, p, ξ, χ, n

14
ds

2 = 2 dxdu+ 2 dydv + 2 dzdw + 2 dtdp+ (−Uu− V v −Ww) dt2+
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+
(

−u (U)
2
− uP − Up+ uµUx − vUV + vµUy − wUW + wµUz

)

dη
2+

dηdξ +
(

uµVx + vµVy − V p− wVW + wµVz − v (V )2 − vP − uUV

)

dρ
2+

+
(

−wP −Wp+ uµWx + vµWy + wµWz − vV W − w (W )
2
− uUW

)

dm
2+

+2 dmdn+ 2 dρdχ, (2)

where U = U(x, y, z, t), V = V (x, y, z, t), W (x, y, z, t) and P =
P (x, y, z, t).

Theorema 1. The Ricci-tensor of the metrics (2) has the components

R44 = Ux + Vy +Wz,

R55 = 2UUx − µUxx + Px + V Uy +UVy − µUyy +UzW +UWz − µUzz +Ut

R66 = UxV + UVx − µVxx + 2V Vy − µVyy + Py + VzW + VWz − µVzz + Vt

R77 = UxW+UWx−µWxx+VyW+VWy−µWyy+2WWz−µWzz+Pz+Wt

and it is equal to zero on solutions of the Navier-Stokes system of

equations

The metrics D
14 belongs to the class of spaces of Riemann exten-

sions of affine connected spaces.
Namely, if we have the N -dim space in the coordinates ~x with

the Affine Connection Πk

ij
(~x), then it is possible to construct the 2N -

dimensional space in the coordinates ~x, ~Ψl equipped by the Riemann
metrics of the form

2n
ds

2 = −2Πk

ijΨkdx
i
dx

j + 2dxldΨl.

Wherein full system of geodesics consists of two parts

d
2
x
k

ds2
+Πk

ij

dx
i

ds

dx
j

ds
= 0 and

δ
2Ψk

ds2
+R

l

kij

dx
i

ds

dx
j

ds
Ψl = 0,

where
δΨk

ds
=

dΨk

ds
−Πl

jk

dx
j

ds
Ψl.
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3 Geodesics

Part of geodesics of the metrics has the form

d
2

ds2
ξ(s) = 0,

d
2

ds2
χ(s),

d
2

ds2
n(s) = 0,

d
2

ds2
η(s) = 0,

d
2

ds2
ρ(s),

d
2

ds2
m(s) = 0, (3)

from where it follows

ξ(s) = a1 s, χ(s) = a2 s, n(s) = a3 s, m(s) = a4 s,

ρ(s) = a5 s, η(s) = a6 s.

The remaining eight equations are of the form

d
2

ds2
x(s)− 1/2U

(

d

ds
t(s)

)2

+ 1/2 a6
2
µ

∂

∂x
U − 1/2 a6

2
U

2−

−1/2 a6
2
P − 1/2 a5

2
UV + 1/2 a5

2
µVx − 1/2 a4

2
UW + 1/2 a4

2
µWx = 0,

d
2

ds2
y(s)− 1/2V

(

d

ds
t(s)

)2

− 1/2 a6
2
UV + 1/2 a6

2
µUy + 1/2 a5

2
µ

∂

∂y
V−

−1/2 a5
2
V

2 − 1/2 a5
2
P − 1/2 a4

2
VW + 1/2 a4

2
µWy = 0,

d
2

ds2
z(s)− 1/2W

(

d

ds
t(s)

)2

− 1/2 a6
2
UW + 1/2 a6

2
µUz − 1/2 a5

2
VW+

+1/2 a5
2
µVz + 1/2 a4

2
µWz − 1/2 a4

2
W

2 − 1/2 a4
2
P = 0,

d
2

ds2
t(s)− 1/2Ua6

2 − 1/2V a5
2 − 1/2Wa4

2 = 0,

and the linear system of the second order ODE’s to the coordinates
u(s), v(s), w(s), p(s).

Theorema 2. Elimination of the variables u, v, w, p from the condi-

tions to the non zero components of the Ricci-tensor

Rij − λ gij = 0,
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lead to the condition on the

−µUyUV P+µ
2
WyUxV W−µ

2
UVWyUz−P

2
V

2−U
2
P

2+µ
2
UWVyUz−

−µWyPVW−µ
2
VxWyUW−µWxPUW+µ

2
WxVyUW−µ

2
UyWxVW−

−P
2
W

2 + µPVyW
2 − µVxUV P + µ

2
VxUyW

2 + µ
2
WxV

2
Uz+

+µUxPW
2 − µ

2
UxVyW

2 − µUWPUz − µ
2
VxVWUz − µ

2
UyUWz−

−µ
2
UVWxVz − µVWPVz + µ

2
WyU

2
Vz + µ

2
VWUxVz + µ

2
U

2
V

2

y +

+µ
2
U

2

xV
2 − µ

2
VxUV Ux + Vyµ

2
UxV

2 − VyµPV
2 − UxµU

2
P+

+Uxµ
2
U

2
Vy − µ

2
VxUV Vy − µ

2
UyUV Ux − µ

2
UyUV Vy = 0,

which can be used to the theory of the NS-equations.

4 Conclusion

As it was shown, the system of the Navier-Stokes equations, which de-
scribes a flow of incompressible liquids, admits geometric consideration
on the basis of Riemann metrics of 14-dim space. In such a way, new
possibilities for investigation of its properties arise.
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