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Klingenberg D., Hollmann P., Vallikivi M., Hultmark M., Bellani G.,
Talamelli A., Zimmerman S., Klewicki J.

Classical and statistical symmetries of turbulence – the basis of turbu-
lent scaling laws of wall-bounded shear flows for arbitrary moments

15.20 – 15.45 Wac lawczyk M, Grebenev V. N., Oberlack M.

Conformal invariance of the 1-point statistics of the zero-isolines of 2𝑑
scalar fields in inverse turbulent cascades

15.45 – 16.10 Andreev V. K., Lemeshkova E. N.

On the asymptotic behavior of inverse problems for parabolic equation

16.10 – 16.35 Grebenev V. N., Demenkov A. G., Chernykh G. G.

Local equilibrium approximation in free turbulent flows: verification
through the method of differential constraints

16.35 – 17.00 Algazin S. D., Selivanov I. A. (cancelled)

About the flutter of an orthotropic plate rectangular in plan

Lunch / Dinner Break

Chair: Kaptsov O. V.

18.00 – 18.25 Manganaro N.

Method of differential constraints for nonlinear wave problems

18.25 – 18.50 Habibullin I. T.

Generalized invariant manifolds and their applications

18.50 – 19.15 Dryuma V. S.

The Riemann spaces related to the Navier-Stokes equations

19.15 – 19.40 Pavlov M. V.

Egorov hydrodynamic type systems

19.40 – 20.10 Sergyeyev A.

Integrable systems in four independent variables from contact geometry



22 Dryuma V. S.

The Riemann Spaces Related to the Navier-Stokes Equations
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For solving system of the Navier-Stokes equations 𝜕
𝜕𝑡 𝑉⃗ +

(︁
𝑉⃗ · ∇⃗

)︁
𝑉⃗ = 𝜇∆𝑉⃗ +∇⃗𝑃 (𝑥⃗, 𝑡), ∇⃗· 𝑉⃗ =

0, where 𝑉⃗ (𝑥⃗, 𝑡) -is the fluid velocity, 𝑃 (𝑥⃗, 𝑡)- is the pressure and 𝜇- is the viscosity of liquid, was
used their representation in form of the laws of conservations:

𝜕

𝜕𝑦
𝐻(𝑥⃗, 𝑡) − 𝜕

𝜕𝑥
𝐸(𝑥⃗, 𝑡) = 0,

𝜕

𝜕𝑧
𝐻(𝑥⃗, 𝑡) − 𝜕

𝜕𝑥
𝐵(𝑥⃗, 𝑡) = 0,

𝜕

𝜕𝑧
𝐸(𝑥⃗, 𝑡) − 𝜕

𝜕𝑦
𝐵(𝑥⃗, 𝑡) = 0

This allow us to introduce six-dimension Riemann space, equipped by the metric ds2 = −2𝐵(𝑥⃗, 𝑡)dt dv+
2𝐸(𝑥⃗, 𝑡)dt dw + 2𝐻(𝑥⃗, 𝑡)dv dw -2(

∫︀
𝜕
𝜕𝑦𝐻(𝑥⃗, 𝑡)𝑑𝑧)dw2 + dt dx + dv dy + dw dz and to use it for

construct an examples of solutions of the 𝑁𝑆-equations. In particular case when the components

of metric are of the form 𝐵(𝑥⃗, 𝑡) = 𝜕2

𝜕𝑧2𝑄(𝑥⃗, 𝑡),𝐻(𝑥⃗, 𝑡) = 𝜕2

𝜕𝑥𝜕𝑧𝑄(𝑥⃗, 𝑡)𝐸(𝑥⃗, 𝑡) = 𝜕2

𝜕𝑦𝜕𝑧𝑄(𝑥⃗, 𝑡) solu-

tions of the 𝑁𝑆-equations are expressed throw the function 𝑄(𝑥⃗, 𝑡) = 𝜕𝑃
𝜕𝑦 , that is solution of the

Monge-Ampere equation (MA):

2𝑄2
𝑥𝑦𝑧𝑧 − 2𝑄𝑦𝑦𝑥𝑧𝑄𝑥𝑧𝑧𝑧 − 2𝑄𝑥𝑥𝑦𝑧𝑄𝑦𝑧𝑧𝑧 +𝑄𝑥𝑥𝑧𝑧𝑄𝑧𝑧𝑦𝑦 +𝑄𝑥𝑥𝑦𝑦𝑄𝑧𝑧𝑧𝑧 = 0. (1)

Theorem 1. The equation (1) determines function pressure 𝑃 (𝑥⃗, 𝑡) =
∫︀

(𝑄(𝑥⃗, 𝑡)𝑑𝑡) of flow
and in particular cases admit reduction to the second order ODE of the form 𝑦′′ + 𝑎1(𝑥, 𝑦)𝑦′3 +
3𝑎2(𝑥, 𝑦)𝑦′2 + 3𝑎3(𝑥, 𝑦)𝑦′ +𝑎4(𝑥, 𝑦) = 0, where 𝑎𝑖 = 𝑎𝑖(𝑥, 𝑦). This type of ODE’s meet in theory of

nonlinear dynamical systems ˙⃗𝑥 = 𝐹𝑖(𝑥⃗) with polynomial right parts which have as the limit cycles
and also strange attractors in their space of states. As an example, we give the equation

𝑑2

𝑑𝑥2
𝑦(𝑥) − 3

(︀
𝑑
𝑑𝑥𝑦(𝑥)

)︀2
𝑦(𝑥)

− 2
(𝑘 − 6𝑥+ 3)

(︀
𝑑
𝑑𝑥𝑦(𝑥)

)︀
𝑦(𝑥)

𝑘 + 3
− 12

(𝑦(𝑥))
3
𝑥2

𝑘 + 2
+

(4 𝑘 + 12) (𝑦(𝑥))
3
𝑥

𝑘 + 2
+

+
(−𝑘 − 2) (𝑦(𝑥))

3

𝑘 + 2
− 6

(𝑦(𝑥))
4
𝑥4

(𝑘 + 3) (𝑘 + 2)
− 2

(−6 − 2 𝑘) (𝑦(𝑥))
4
𝑥3

(𝑘 + 3) (𝑘 + 2)
− 2

(︀
𝑘2 + 3 𝑘 + 3

)︀
(𝑦(𝑥))

4
𝑥2

(𝑘 + 3) (𝑘 + 2)
= 0,

which has a form similar to the equation 𝑦′′− 3 𝑦′2

𝑦 +
(︀
𝛼 𝑦 − 𝑥−1

)︀
𝑦′ + 𝜖 𝑥𝑦4 + 𝛿

𝑥𝑦
2−𝛾 𝑦3−𝛽 𝑥3𝑦4−

𝛽 𝑥2𝑦3 = 0, which is equivalent to the Lorenz-system 𝑦̇ = 𝑟𝑥 − 𝑦 − 𝑥𝑧, 𝑧̇ = 𝑥𝑦 − 𝑏𝑧, 𝑥̇ =
𝜎(𝑦 − 𝑥), where: 𝛼𝜎 = 1, 𝛽𝜎2 = 1, 𝛾𝜎2 = 𝑏(𝜎 + 1), 𝛿𝜎 = (𝜎 + 1), 𝜖𝜎2 = 𝑏(𝑟 − 1).

A more general approach to study properties of the 𝑁𝑆-equations is connected by using the
14-dimension space with local coordinates 𝑥, 𝑦, 𝑧, 𝑡, 𝑢, 𝑣, 𝑤, 𝑝, 𝜉, 𝜂, 𝜒, 𝜌, 𝑞, 𝛿.

Theorem 2. The metric: 𝑑𝑠2 = 2 𝑑𝑥𝑑𝑢+2 𝑑𝑦𝑑𝑣+2 𝑑𝑧𝑑𝑤+(−𝑊 (𝑥⃗, 𝑡)𝑤−𝑉 (𝑥⃗, 𝑡)𝑣−𝑈(𝑥⃗, 𝑡)𝑢) 𝑑𝑡2+(︁
−𝑈(𝑥⃗, 𝑡)𝑝− 𝑢 (𝑈(𝑥⃗, 𝑡))

2 − 𝑢𝑃 (𝑥⃗, 𝑡) + 𝑤𝜇 𝜕
𝜕𝑧𝑈(𝑥⃗, 𝑡)−𝑤𝑈(𝑥⃗, 𝑡)𝑊 (𝑥⃗, 𝑡)

)︁
𝑑𝜂2+

+
(︁
𝑣𝜇 𝜕

𝜕𝑦𝑈(𝑥⃗, 𝑡) − 𝑣𝑈(𝑥⃗, 𝑡)𝑉 (𝑥⃗, 𝑡) + 𝑢𝜇 𝜕
𝜕𝑥𝑈(𝑥⃗, 𝑡)

)︁
𝑑𝜂2 + 2 𝜂𝑑𝜉 + 2 𝑑𝜌𝑑𝜒+ 2 𝑑𝑚𝑑𝑛+

+
(︁
−𝑉 (𝑥⃗, 𝑡)𝑝− 𝑣𝑃 (𝑥⃗, 𝑡) − 𝑣 (𝑥⃗, 𝑡))

2 − 𝑉 (𝑥⃗, 𝑡)𝑊 (𝑥⃗, 𝑡)𝑤 + 𝑣𝜇 𝜕
𝜕𝑦𝑉 (𝑥⃗, 𝑡) − 𝑢𝑈(𝑥⃗, 𝑡)𝑉 (𝑥⃗, 𝑡)

)︁
𝑑𝜌2+

+
(︀
𝑢𝜇 𝜕

𝜕𝑥𝑉 (𝑥⃗, 𝑡)
)︀
𝑑𝜌2 +

(︁
−𝑢𝑈(𝑥⃗, 𝑡)𝑊 (𝑥⃗, 𝑡)−𝑤 (𝑊 (𝑥⃗, 𝑡))

2−𝑤𝑃 (𝑥⃗, 𝑡)+𝑤𝜇 𝜕
𝜕𝑧𝑊 (𝑥⃗, 𝑡)

)︁
𝑑𝑚2+

+
(︁
𝑣𝜇 𝜕

𝜕𝑦𝑊 (𝑥⃗, 𝑡) − 𝑣𝑉 (𝑥⃗, 𝑡)𝑊 (𝑥⃗, 𝑡) + 𝑢𝜇 𝜕
𝜕𝑥𝑊 (𝑥⃗, 𝑡) −𝑊 (𝑥⃗, 𝑡)𝑝

)︁
𝑑𝑚2, is the Ricci-flat on solutions

of the NS-equations.
This metric belongs to the class of partially-projective spaces and their Cartan-invariants,

𝐾 = 𝑅(𝑖 𝑎 𝑗 𝑏)𝑅(𝑗 𝑐 𝑖 𝑑)𝐴𝑎𝐴𝑏𝐴𝑐𝐴𝑑, constructed on the basis of the Riemann curvature of the
space are used then in theory of the 𝑁𝑆-equations.
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