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Properties of Riemannian metric of14D space in local coordinates (𝑥, 𝑦, 𝑧, 𝑡, 𝜂, 𝜌,
𝑚, 𝑢, 𝑣, 𝑤, 𝑝, 𝜉, 𝜒, 𝑛) which is the Ricci-flat on solutions of the Navier-Stokes system
of equations are studied.Considered space consists of 6𝐷 space in local coordinates
(𝜂, 𝜌, 𝑚, 𝜉, 𝜒, 𝑛) and of two 4𝐷 dual subspaces -in Euler coordinates (𝑥, 𝑦, 𝑧, 𝑡) and
Lagrangian coordinates (𝑢, 𝑣, 𝑤, 𝑝). Structure of partition of 14𝐷 space depend
significanltly on the properties of 6𝐷-flat space devided into two 3𝐷 subspaces. In
this cotext properties of the Kovalevskaya top are studied in more detail.
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1 The Ricci-flat 14D metric and NS-equations

Theorem 1. The metric of the form

𝑑𝑠2 = 2 dx2 + 2 dxdy + 2 dxdu + 2 dy2 + 2 dydz + 2 dydv + 2 dz2 + 2 dzdw+
+2 dtdp + 2 dd + 2 dd + 2 dmdn + 𝐴dt2 + 𝐵d2 + 𝐶d2 + 𝐸dm2,

(1)

where
𝐴 = 2 − 𝑈 (𝑥, 𝑦, 𝑧, 𝑡) 𝑢 − 𝑉 (𝑥, 𝑦, 𝑧, 𝑡) 𝑣 − 𝑊 (𝑥, 𝑦, 𝑧, 𝑡) 𝑤,

𝐵 = (−𝑈𝑊 + 𝜇 𝜕
𝜕𝑧

𝑈) 𝑤 + (−𝑈𝑉 + 𝜇 𝜕
𝜕𝑦

𝑈) 𝑣 + (𝜇 𝜕
𝜕𝑥

𝑈 − (𝑈)2 − 𝑃) 𝑢 − 𝑈𝑝,

𝐶 = (−𝑉 𝑊 + 𝜇 𝜕
𝜕𝑧

𝑉) 𝑤 + (𝜇 𝜕
𝜕𝑦

𝑉 − (𝑉)2 − 𝑃) 𝑣 + (−𝑈𝑉 + 𝜇 𝜕
𝜕𝑥

𝑉) 𝑢 − 𝑉 𝑝,

𝐸 = (−𝜇 𝜕
𝜕𝑥

𝑈 − 𝜇 𝜕
𝜕𝑦

𝑉 − (𝑊)2 − 𝑃) 𝑤 + (−𝑉 𝑊 + 𝜇 𝜕
𝜕𝑦

𝑊) 𝑣+

(−𝑈𝑊 + 𝜇 𝜕
𝜕𝑥

𝑊) 𝑢 − 𝑊𝑝

is the Ricci-flat on solutions of Navier-Stokes system of equations (2)

The Navier-Stokes system of equations

𝜕
𝜕𝑡

⃗𝑈 + ( ⃗𝑈 ⋅ ∇⃗) ⃗𝑈 − 𝜇Δ ⃗𝑈 + ∇⃗𝑃 = 0, ∇⃗ ⋅ ⃗𝑈 = 0, (2)

where ⃗𝑈 = [𝑈( ⃗𝑥, 𝑡), 𝑉 ( ⃗𝑥, 𝑡), 𝑊( ⃗𝑥, 𝑡)] is the fluid velocity , 𝑃 = 𝑃( ⃗𝑥, 𝑡), is the pressure, 𝜇 is the
viscosity and ⃗𝑥 = (𝑥, 𝑦, 𝑧) has numerous applications. The problem of their integration and
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classification solutions is an important to the modern mathematical and theoretical physics.
We will use methods of the Riemannian geometry to studies properties of the system (2).

In the case of the Kovalevsky top 𝐴 = 2𝐶, 𝐵 = 2𝐶, 𝑦0 = 0, 𝑧0 = 0 the Euler-Poisson
system of equations

𝑑
𝑑𝑡

𝑥 (𝑡) = −(𝐶 − 𝐵) 𝑦𝑧
𝐴

+ 𝑀𝑔 (y0 𝜔2 (𝑡) − z0 𝜔1 (𝑡))
𝐴

,

𝑑
𝑑𝑡

𝑦 (𝑡) = −(𝐴 − 𝐶) 𝑥 (𝑡) 𝑧 (𝑡)
𝐵

+ z0 𝜔 (𝑡) − x0 𝜔2 (𝑡)
𝐵

,

𝑑
𝑑𝑡

𝑧 (𝑡) = −(𝐵 − 𝐴) 𝑥 (𝑡) 𝑦 (𝑡)
𝐶

+ x0 𝜔1 (𝑡) − y0 𝜔 (𝑡)
𝐶

,

𝑑
𝑑𝑡

𝜔 (𝑡) = 𝑧 (𝑡) 𝜔1 (𝑡) − 𝑦 (𝑡) 𝜔2 (𝑡) , 𝑑
𝑑𝑡

𝜔1 (𝑡) = 𝑥 (𝑡) 𝜔2 (𝑡) − 𝑧 (𝑡) 𝜔 (𝑡) ,

𝑑
𝑑𝑡

𝜔2 (𝑡) = 𝑦 (𝑡) 𝜔 (𝑡) − 𝑥 (𝑡) 𝜔1 (𝑡) , (3)

leads to the relations

𝑥 (𝑡) =
𝑦 (𝑡) 𝜔 (𝑡) 𝜔2 (𝑡) + 𝜔 (𝑡) 𝑑

𝑑𝑡𝜔 (𝑡) + 𝜔1 (𝑡) 𝑑
𝑑𝑡𝜔1 (𝑡)

𝜔2 (𝑡) 𝜔1 (𝑡)
(4)

𝑧 (𝑡) =
𝑦 (𝑡) 𝜔2 (𝑡) + 𝑑

𝑑𝑡𝜔 (𝑡)
𝜔1 (𝑡)

(5)

𝑦 (𝑡) = −2
𝐶 ( 𝑑

𝑑𝑡𝜔1 (𝑡)) 𝜔 (𝑡) 𝜔1 (𝑡)
𝜔2 (𝑡) (2 𝐶 (− (𝜔1 (𝑡))2 − (𝜔2 (𝑡))2 − 1) + 2 𝐶 (𝜔1 (𝑡))2 + 𝐶 (𝜔2 (𝑡))2)

−

(2 𝐶 (− (𝜔1 (𝑡))2 − (𝜔2 (𝑡))2 − 1) + 𝐶 (𝜔2 (𝑡))2) 𝑑
𝑑𝑡𝜔 (𝑡)

𝜔2 (𝑡) (2 𝐶 (− (𝜔1 (𝑡))2 − (𝜔2 (𝑡))2 − 1) + 2 𝐶 (𝜔1 (𝑡))2 + 𝐶 (𝜔2 (𝑡))2)
+

+ C2 𝜔1 (𝑡)
2 𝐶 (− (𝜔1 (𝑡))2 − (𝜔2 (𝑡))2 − 1) + 2 𝐶 (𝜔1 (𝑡))2 + 𝐶 (𝜔2 (𝑡))2 . (6)

Together with the known first integrals of system (10)

(𝜔 (𝑡))2 + (𝜔1 (𝑡))2 + (𝜔2 (𝑡))2 − 1, 𝐴𝑥 (𝑡) 𝜔 (𝑡) + 𝐵𝑦 (𝑡) 𝜔1 (𝑡) + 𝐶𝑧 (𝑡) 𝜔2 (𝑡) − C2,

𝐴 (𝑥 (𝑡))2 + 𝐵 (𝑦 (𝑡))2 + 𝐶 (𝑧 (𝑡))2 − 2 𝑀𝑔 (x0 𝜔 (𝑡) + y0 𝜔1 (𝑡) + z0 𝜔2 (𝑡)) + C1,

((𝑥 (𝑡))2 + (𝑦 (𝑡))2 + 𝑐𝜔 (𝑡))
2

+ (2 𝑥 (𝑡) 𝑦 (𝑡) + 𝑐𝜔1 (𝑡))2 = 𝐾2 (7)

the components of fluid-flow velocity and pressure 𝑃(𝑥, 𝑦, 𝑧, 𝑡) are determined using the
Ricci-flat metric on solutions of the system (2).
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