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Abstract

A geometric approach for integrating the system of Navier-
Stokes equations in the Euler and Lagrange variables is proposed.
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1 Introduction

The basis of the geometric approach for studying properties of Navier-
Stokes system of equations (NS-system) composes the relations = =
f1(a,b,c,t), y=fo(a,b,c,t), z=fs(a,b,c,t), p=h(a,b,c,t), where
(z,y,z,p) are the local coordinates for variable of pressure p and the
variables (a, b, ¢) — for dual coordinates of individual points of the liquid
at each moment of the parameter time ¢. As a result of elimination of
the variables (a, b, ¢) with the help of the appropriate differentiations,
the well-known system of Navier-Stokes equations in Euler variables is
obtained
0 = S o 1= - R
—U+U-V)U+ —=VP —puAU =0, divU =0, (1)
on p
where U is the vector of velocity of fluid, p is density, and p is viscosity
of fluid.
Similarly, after excluding of the coordinates (z,y, z) from the indi-
cated relations, a system of equations, determining the movement of
individual points of the liquid is obtained.
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2 Ricci-flat metric associated with the NS-
system
The 14D-space in local coordinates (x,y, z,t,n, p, m, u, v, w, p,&, x,n)
is considered.
Theorem 1. The metric of the form
ds? = 2dz? + 2 dedy + 2 dzdu + 2 dy® + 2 dydz + 2 dydv+
2dz? + 2 dzdw + 2 dtdp + 2 dndé + 2 dpdx + 2 dmdn + Adt*+  (2)
Bdn? 4+ Cdp? + Edm?,
where
A=2-U(z,y,z, ) u—V (x,y,2z,t) v — W (z,y,2,t) w,
B = (—UW—I—u;ZU) w+ <—UV+u§yU> v+
o Q
(1 3p0 = @ = P)u-vp,

C= (—VW+M§ZV) w + (ugyV— (V)? —P) v+
) (@
(—UV +u V) u—Vp,
Ox
0 0 9 0
E=-pu=—U-p=—V-W)<*"-P -Vw —W
( Mow” ~Hay W) >w+< +M8y >U+
(—UW —I—,uaW> u— Whp,
Ox
(5)
1s the Ricci-flat on solutions of Navier-Stokes system of equations.

In the Lagrange variables (a,b,c,t), full system of Navier-Stokes
equations looks moore complicated and has the form

0?A
S B P)|—
> +1B,C,P)]

w([B,C,[B,C, A]]|+[C, A, [C, A, A]]+[A, B, [A, B, Al]]) =0,

(6)
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%zf +[C, A, P] -
1% ([B’ Cv [B7 C, Bt]]+[B7A7 [Ca A, Bt”"i_[Av Bv [Aa B, Bt]]) = 07
2
aatf +[A,B,P| -
1([B,C,[B,C,Cil|+[C, A, [C, A, C)]|+]A, B, [A, B,C,])) =0, (&)

[A,B,0] —1=0.

(7)

3 6D-metric

Theorem 2. The 6D-Riemann space in coordinates
(z,y,2,a,b,¢,t), equipped with a metric of the form

ds®* = A(a,b,c,t)dz? + 2 B (a,b,c,t) dedy + 2 FE (a,b, ¢, t) dedz+
dxda + C (a,b, ¢, t) dy? + 2 H (a,b, ¢, t) dydz + dydb+ (9)
F(a,b,c,t)dz? + dzdc

can be used for integration of the equation

o _o0 .0 o_0 0 o _,0 0 o _,0 0

g _,0 0 o _0 ,0

which is the condition of incompressibility of liquid.

4 Projective duality to the theory of the second
order ODE’s
d> d 3 d 2 d
2 (x)+ ay (dxy (x)) +3ap <dxy (m)) +3a3 oY (x)+ay; =0,
(11)

where a; = a;(z,y).
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The general integral of this equation has the form H(z,y,a,b) =0
among four variables (x,y,a,b) = 0, from which follows a differential
equation with respect to the variables a, b

Ch@=g(ab Lo (12
2t (@=g(ab b))
Theorem 3. Two equations y' = —ai(x,y)y"> — 3as(z,y)y? —

3asz(z,y)y — as(z,y) and b" = g(a,b,v'), where b = ¢ form a dual
pair of equations with a common integral of the form H(x,y,a,b) =0,
which with the help of solutions of the equation

02 02 B 2
h = - —1/2 [ =

2
0
+Cmg (CL, b7 C) —2 %g (CL, b7 C)
ih(abc)Jr (abc)a—Qh(abc)f 9 (a,b,c) gh(abc)qt
868& ) g b 862 ) acg ) ac )

2

0
c%h (a,b,¢) —3 —h(a,b,c) =0,

0b

1s determined.

5 4D-metric

The geometric method for studying the properties of the N S-system of
equations with the theory of second-order ODE’s of normal projective
connection of E. Cartan is associated.

Theorem 4. Geodesic equations of the 4D-space with the metric

ds® = (2zag(z,y) —2tay(z,y)) dx?® + 2 (2zag(z,y) — 2tas(z,y)) dedy+

2dzdz + (2za; (z,y) — 2tas(z,y)) dy* + 2 dydt,
(14)

174



The Riemann Spaces in the Theory of the Navier-Stokes Equations

in the coordinates (x,y, z,t) decomposes into two parts.
The first part consists of two equations:

j;y(S) (o) <jsx(s)>2 +2as(,y) <j8:c(s)> %y(sH .
az(z,y) (iy(s)f =0,
z;x(é’) — az(z,y) (ix(s)>2 ~2a(@y) (;‘Zw(S)) d%y(S)_ (16)

i) () =0

And the second part has the form of the linear system of equations
for the vector ¥ = (¥ = z(s), ¥g = t(s)

20 dv -
o T Ay + Bla,y)¥ =0, (17)

where U = (U] = z(s), Wy = #(s)) and A(z,y), B(z,y) are the 2 x 2
matriz-functions.

Corresponding Ricci tensor R;; of the metrics is of the form
0 0
Rll =2 @a4 (1’, y) -2 8?0'3(1.7 y) -4 ag(flﬁ, y>2+
4 0,4 (.’13, y)a'? (CE, y)a

R12 = -2 88:60'2(1.73/) + 2(%@3(37,3/) —2 ag(a:,y)ag(x,y)—i- (18)

2a4(x,y)a1 (.T7y),
Rog = —22a1 (x,y) —i—QEaQ(x y)+4as(z,y)as(x,y)—
Ox ’ oy ’ ’ ’
4@2(1’,2})2.
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6 Conclusion

This article proposes a geometric approach for constructing exact so-
lutions of the Navier-Stokes equations and studying their properties.
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