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Abstract

We survey a geometric approach to the Navier–Stokes equations developed by the author
over the past fifteen years. The central object is a Riemannian space of fourteen dimensions
whose metric is Ricci-flat precisely on the solutions of the Navier–Stokes system, so that
the behaviour of a viscous incompressible fluid becomes a property of curvature. The space
decomposes into a flat six-dimensional part and two dual quadruples of coordinates, Eule-
rian and Lagrangian, which exhibits the two classical descriptions of a fluid as two halves
of a single geometry. We also recall the associated six-dimensional metric, whose integrabil-
ity condition is the incompressibility of the fluid; the link with the projective geometry of
second-order ordinary differential equations in the sense of E. Cartan; and the use of Car-
tan’s invariants to construct a three-dimensional analogue of the Taylor–Green vortex. An
application of the same construction to the equations of rotation of a rigid body is indicated.

Keywords: Navier–Stokes equations, Riemannian metric, Ricci-flat space, Cartan invariants,
geodesics, Taylor–Green vortex, projective connection.
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1 Introduction

The properties of the flow of a viscous incompressible fluid are described by the Navier–Stokes
system

Ut + UUx + V Uy +WUz − µ (Uxx + Uyy + Uzz) + Px = 0,

Vt + UVx + V Vy +WVz − µ (Vxx + Vyy + Vzz) + Py = 0,

Wt + UWx + VWy +WWz − µ (Wxx +Wyy +Wzz) + Pz = 0,

Ux + Vy +Wz = 0,

(1)

where U, V,W are the components of the velocity of the flow, P is the pressure and µ is the
coefficient of viscosity, all functions of (x, y, z, t). The construction of exact solutions of this
system of four nonlinear partial differential equations remains an important open problem.

The approach surveyed here rests on the following idea. One associates with (1) a Riemannian
space whose metric is Ricci-flat exactly on the solutions of the system. Properties of the flow then
become properties of the curvature of that space, and the tools of Riemannian and projective
differential geometry — geodesics, Killing vectors, the invariants of E. Cartan — become available
for the study of the flow.

The basis of the geometric description is the pair of relations

x = f1(a, b, c, t), y = f2(a, b, c, t), z = f3(a, b, c, t), p = h(a, b, c, t),

where (x, y, z, p) are local coordinates for the pressure and the position, and (a, b, c) are the
dual coordinates of the individual points of the liquid at each instant t. Eliminating (a, b, c) by
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appropriate differentiations gives the Navier–Stokes system in the Euler variables; eliminating
(x, y, z) instead gives the system governing the motion of the individual points of the liquid.

2 The 14-dimensional Ricci-flat metric

Theorem 1. The metric of the 14-dimensional space in local coordinates (x, y, z, t, η, ρ,m, u, v, w, p, ξ, χ, n)

ds2 = 2 dx2 + 2 dx dy + 2 dx du+ 2 dy2 + 2 dy dz + 2 dy dv

+ 2 dz2 + 2 dz dw + 2 dt dp+ 2 dη dξ + 2 dρ dχ+ 2 dmdn

+Adt2 +B dη2 + C dρ2 + E dm2,

(2)

where

A = 2− U(x, y, z, t)u− V (x, y, z, t) v −W (x, y, z, t)w, (3)

B =
(
−UW + µUz

)
w +

(
−UV + µUy

)
v +

(
µUx − U2 − P

)
u− Up, (4)

C =
(
−VW + µVz

)
w +

(
µVy − V 2 − P

)
v +

(
−UV + µVx

)
u− V p, (5)

E =
(
−µUx − µVy −W 2 − P

)
w +

(
−VW + µWy

)
v +

(
−UW + µWx

)
u−Wp, (6)

is Ricci-flat on the solutions of the Navier–Stokes system (1).

The space so obtained consists of a flat six-dimensional part in the coordinates (x, y, z, u, v, w)
together with two dual four-dimensional subspaces, one in the Euler coordinates and one in the
Lagrangian coordinates. The two classical descriptions of a fluid thus appear as two halves of
one geometry, and the structure of the partition depends essentially on the properties of the flat
six-dimensional part, itself divided into two three-dimensional subspaces.

The metric (2) belongs to the class of partially projective Riemannian spaces whose scalar
invariants vanish; spaces of this type also occur in the theory of gravitational waves. For their
study one may use either the invariants of E. Cartan or the classical Beltrami–Laplace invariants.

3 The system in Lagrangian variables

In the Lagrangian variables (a, b, c, t) the full Navier–Stokes system takes the considerably more
complicated form

∂2A

∂t2
+ [B,C, P ]− µ

(
[B,C, [B,C,At]] + [C,A, [C,A,At]] + [A,B, [A,B,At]]

)
= 0, (7)

∂2B

∂t2
+ [C,A, P ]− µ

(
[B,C, [B,C,Bt]] + [C,A, [C,A,Bt]] + [A,B, [A,B,Bt]]

)
= 0, (8)

∂2C

∂t2
+ [A,B, P ]− µ

(
[B,C, [B,C,Ct]] + [C,A, [C,A,Ct]] + [A,B, [A,B,Ct]]

)
= 0, (9)

[A,B,C]− 1 = 0. (10)

4 The 6-dimensional metric and incompressibility

Theorem 2. The 6-dimensional Riemann space in the coordinates (x, y, z, a, b, c, t) equipped with
the metric

ds2 = A(a, b, c, t) dx2 + 2B(a, b, c, t) dx dy + 2E(a, b, c, t) dx dz + dx da

+ C(a, b, c, t) dy2 + 2H(a, b, c, t) dy dz + dy db

+ F (a, b, c, t) dz2 + dz dc

(11)
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can be used for the integration of the equation

BbCcAa −BbCaAc − CcBaAb − CbBcAa

+ CbBaAc +BcCaAb − 1 = 0,
(12)

which is the condition of incompressibility of the liquid.

In a particular case the metric simplifies and the solutions of the Navier–Stokes system are
expressed through a function P (x) satisfying the Monge–Ampère equation.

5 Projective duality and second-order ODEs

The geometric method for studying the Navier–Stokes system is connected with the theory of
second-order ordinary differential equations of the form

y′′ + a1(x, y) (y
′)3 + 3a2(x, y) (y

′)2 + 3a3(x, y) y
′ + a4(x, y) = 0 (13)

in the sense of the normal projective connection of E. Cartan. The general integral of (13) has
the form H(x, y, a, b) = 0 in four variables, whence follows a differential equation in the variables
a, b,

d2b

da2
= g

(
a, b,

db

da

)
.

Theorem 3. The two equations y′′ = −a1y
′3 − 3a2y

′2 − 3a3y
′ − a4 and b′′ = g(a, b, b′), where

b′ = c, form a dual pair with a common integral H(x, y, a, b) = 0, determined with the help of the
solutions of the system

h = gca + g gcc − 1
2 (gc)

2 + c gcb − 2gb,

0 = hca + g hcc − gc hc + c hcb − 3hb.
(14)

6 The 4-dimensional metric and its geodesics

Theorem 4. The geodesic equations of the 4-dimensional space with the metric

ds2 =
(
2za3(x, y)− 2ta4(x, y)

)
dx2 + 2

(
2za2(x, y)− 2ta3(x, y)

)
dx dy

+ 2 dx dz +
(
2za1(x, y)− 2ta2(x, y)

)
dy2 + 2 dy dt

(15)

in the coordinates (x, y, z, t) decompose into two parts. The first consists of the two nonlinear
equations

ÿ + a4(x, y) ẋ
2 + 2a3(x, y) ẋ ẏ + a2(x, y) ẏ

2 = 0, (16)

ẍ− a3(x, y) ẋ
2 − 2a2(x, y) ẋ ẏ − a1(x, y) ẏ

2 = 0, (17)

the dot denoting differentiation with respect to the parameter s. The second is the linear system

d2Ψ⃗

ds2
+A(x, y)

dΨ⃗

ds
+B(x, y) Ψ⃗ = 0, Ψ⃗ = (Ψ1 = z(s), Ψ2 = t(s)), (18)

with 2× 2 matrix-functions A(x, y), B(x, y).

The Ricci tensor of this metric is

R11 = 2 ∂ya4 − 2 ∂xa3 − 4a23 + 4a4a2,

R12 = −2 ∂xa2 + 2 ∂ya3 − 2a2a3 + 2a4a1,

R22 = −2 ∂xa1 + 2 ∂ya2 + 4a1a3 − 4a22.

(19)
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7 Killing vectors and the invariants of E. Cartan

In the construction of solutions of the Navier–Stokes equations, both smooth and singular, one
uses the Killing equations

Ki,j +Kj,i − 2Γk
ijKk = 0, equivalently Kkgij,k + gikK

k
,j + gjkK

k
,i = 0, (20)

together with the Lie derivatives of the corresponding vector fields uk,

uij,k + unΓi
jk,n + un,jΓ

i
nk + un,kΓ

i
jn − un,nΓ

i
jk = 0, (21)

where Γi
jk are the connection coefficients of the metric ds2 = gij dx

idxj .
As an example of the use of the non-vanishing invariants of E. Cartan we recall the construc-

tion of a three-dimensional analogue of the classical two-dimensional Taylor–Green vortex

U = cosx sin y e−2µt, V = − sinx cos y e−2µt,

W = 0, P = −1
4

(
cos 2x+ cos 2y

)
e−4µt.

(22)

For a vector with components Ak = [a, b, c, e, 0, 0, 0, f, l,m, n, 0, 0, 0] depending on (x, y, z, t), the
invariant of E. Cartan built from the Riemann curvature tensor Ri

jkl of the metric takes the
form

T = VWy + UWx + (Vy)
2 + UVy + UyVx + (Ux)

2. (23)

Solving the Navier–Stokes equations with account of the invariant T leads to new examples of
three-dimensional flows of Taylor–Green type.

8 Geodesics of the 14-dimensional space

The geodesic lines of the metric (2) are the solutions of a system of four second-order nonlinear
ordinary differential equations in the coordinates (x, y, z, t) together with four second-order linear
ordinary differential equations for the dual coordinates (u, v, w, p), with coefficients depending
on the components of the curvature tensor of the space. The six additive coordinates are flat
and form a configuration of six straight lines as geodesics.

An important role in the theory of integration of the Navier–Stokes equations belongs to the
conditions of their compatibility. These admit a geometric description based on the properties
of a six-dimensional space equipped with a Riemannian metric subject to special conditions on
its components. The coordinates (x, y, z, t) and (u, v, w, p) are dual to each other, and their
properties are determined by the geometry of spaces of normal projective connectivity in the
sense of E. Cartan for the corresponding pair of coordinates.

From various conditions on the curvature tensors of the metric and on the equations of the
geodesic lines one obtains the equation of a hypersurface

Ψ(x, y, z, t, u, v, w, p) = 0, (24)

which is of importance for the understanding of the topological properties of the Navier–Stokes
equations.

9 Application to the rotation of a rigid body

With the help of the Ricci-flat metric of the fourteen-dimensional space, the solutions of the
Navier–Stokes system have been applied to the theory of the rotation of a rigid body, the prop-
erties of the Kovalevskaya top being considered in more detail.
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10 Conclusion

The geometric approach surveyed here proposes a way of constructing exact solutions of the
Navier–Stokes equations and of studying their properties, by transferring the question from the
analysis of a nonlinear system of partial differential equations to the geometry of an associated
Riemannian space. The same machinery applies to the Euler equations, to the Kadomtsev–
Petviashvili equation and to the equations of rotation of a rigid body.
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